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A HAMILTONIAN APPROACH TO THE COHOMOGENEITY ONE RICCI
SOLITON EQUATIONS
ALEJANDRO BETANCOURT DE LA PARRA, ANDREW S. DANCER, AND MCKENZIE Y. WANG
Abstract. We show how to view the equations for a cohomogeneity one Ricci soliton as a Hamil-
tonian system with a constraint. We investigate conserved quantities and superpotentials, and use
this to find some explicit formulae for Ricci solitons not of Ka¨hler type in five dimensions.
Mathematics Subject Classification (2000): 53C25, 53C30, 37J35
1. Introduction
Einstein metrics are the critical points of the Einstein-Hilbert action restricted to the set of
Riemannian metrics with fixed volume. In the context of metrics of cohomogeneity one, this
variational characterization and the invariance under diffeomorphisms give rise to an interesting
structure for the Einstein equations–they can be written as a Hamiltonian system with a constraint
(the vanishing of the Hamiltonian). This structure has proved useful in identifying conserved
quantities for certain cases of the Einstein system, and for finding superpotentials which define first
order subsystems of the Einstein equations (see [DW1], [DW2], [DW6] for example). Frequently,
these quantities in turn lead to explicit solutions of the Einstein equations, and the associated first
order subsystems single out solutions with special holonomy.
In an analogous manner, Perelman’s F andW functionals ([Pe]) possess diffeomorphism and scale
invariance properties, and consideration of their first variations which preserve the dilaton measure
leads to the gradient Ricci soliton equations. In this paper we will investigate the cohomogeneity
one case using the framework of [DW5] and put the gradient Ricci soliton equations in Hamiltonian
form with a constraint. We then focus on the case of steady solitons and consider the situation in
which the principal orbit has multiplicity free isotropy representation.
Let us denote the Hamiltonian (to be constructed in §3) by H. Recall that a generalised first
integral is a function on momentum phase space whose Poisson bracket with the Hamiltonian lies
in the ideal generated by H. As well, a superpotential is a C2 function f on configuration space
that gives a time-independent solution of the Hamilton-Jacobi equation, i.e., H(q, dfq) = 0. In
the situation of the Bryant solitons, we find both generalised first integrals and superpotentials
when the dimension is either 2 or 5. This leads to new explicit formulae for the Bryant soliton
in dimension 5. We also find superpotentials for the gradient Ricci soliton equations on double
warped products R3×Σ where Σ = S2 or RP2 and for certain complex line bundles over a product
of Fano Ka¨hler-Einstein manifolds. The associated first order systems in the latter case correspond
to the Ka¨hler condition, and explicit complete steady Ka¨hler Ricci solitons were obtained in [DW5]
(Theorem 4.20). Here we use the superpotentials in the former case to obtain explicit complete
steady gradient Ricci soliton structures on R3×Σ. The existence of these non-Ka¨hlerian solitons was
obtained previously using dynamical systems methods (cf [Iv] and [DW3]), but explicit complete
solutions had not, as far as we are aware, been found previously.
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Finally, we mention that in §5 we prove a non-existence theorem (see Proposition 5.7) for su-
perpotentials of exponential type assuming a certain natural condition. We refer the reader to
§5 for the description of this condition. It is noteworthy, however, that superpotentials satisfying
this condition do exist in the Ricci-flat case and most of the time when they occur, the associated
first order systems are equivalent to the condition that the metrics have special holonomy. So
this non-existence result may be interpreted as an indication of the greater rigidity of the soliton
equation.
2. Basic Facts
Let (M, g¯) denote a connected Riemannian manifold of dimension n+1 on which a compact Lie
group G acts via isometries with cohomogeneity one, i.e., with one-dimensional orbit space. We
will assume that the orbit space is an interval I ⊂ R and that the principal orbit type is given
by P := G/K, where K is a closed subgroup of G. We further assume that there is at least one
special orbit, which, without loss of generality, is of the form G/H where K ⊂ H and H is closed
in G. The cohomogeneity one condition then implies that H/K is diffeomorphic to a sphere Sk.
By choosing a constant speed geodesic that intersects one (hence all) principal orbits orthogonally,
we obtain a diffeomorphism of the open dense submanifold M0 ⊂M consisting of all the principal
orbits with int I × P . Then the metric g¯ takes the form
(2.1) g¯ = dt2 + gt
where t is the geodesic parameter and gt is a one-parameter family of G-invariant metrics on G/K.
Let Lt denote the shape operator of the hypersurface {t} × P , regarded as a gt-symmetric
endomorphism of T (G/K). Also, let rt denote the Ricci endomorphism defined by Ric(gt)(X,Y ) =
gt(rt(X), Y )), where X,Y are tangent to G/K. Then g˙t = 2gt ◦Lt, where each gt is regarded as an
endomorphism of T (G/K) via the choice of a fixed G-invariant metric Q on G/K. The Levi-Civita
connections of g¯ (resp. gt) will be denoted by ∇ (resp. ∇). The relative volume v is defined by
dµgt = v(t) dµQ.
The static equation for a gradient Ricci soliton (GRS) (M, g¯, u) is
(2.2) Ric(g¯) + Hessg¯ u+
ǫ
2
g¯ = 0.
g¯ is called the soliton metric and u : M → R is a smooth function called the soliton potential. We
shall say that a gradient Ricci soliton is trivial if the soliton metric is Einstein. The example of the
Gaussian soliton shows that the potential could nevertheless be non-trivial.
In the cohomogeneity one situation, Eq. (2.2) becomes, on M0 ≈ int I × P , the system
rt − L˙− (trL− u˙)L+ ǫ
2
I = 0,(2.3)
−tr(L2)− tr (L˙) + u¨+ ǫ
2
= 0,(2.4)
d(trL) + δ∇L = 0,(2.5)
where the soliton potential u is regarded both as a function on M and as a function of t, and δ∇
is the codifferential for T ∗(G/K)-valued 1-forms.
Note that Eq.(2.3) above represents the components of the gradient Ricci soliton equation tangent
to G/K, Eq.(2.4) is the equation in the ∂/∂t direction, and Eq.(2.5) represents the mixed directions.
In fact, by G-invariance, trL is always constant in the G/K directions, but we have included it in
(2.5) because the above system also holds under suitable assumptions whenM is constructed out of
an equidistant family of hypersurfaces with possibly no symmetries (cf [DW4], Remark 2.18). This
possibility, incidentally, is a frequently misunderstood aspect of the work of the last two authors.
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For the general GRS equation, there is a fundamental conservation law which was observed by R.
Hamilton [Ham] and T. Ivey [Iv]. In the cohomogeneity one setting, this conservation law becomes
(2.6) u¨+ (−u˙+ trL) u˙− ǫu = C
where C is a fixed constant. Using (2.4) and the trace of (2.3), we can rewrite (2.6) in the form
(2.7) S + tr(L2)− (−u˙+ trL)2 + (n− 1) ǫ
2
= C + ǫu,
where S is the scalar curvature of the principal orbits and C is the same constant. Recall that in
[DHW] we introduced the quantities
(2.8) ξ := −u˙+ trL, E = C + ǫu,
and rewrote the conservation law in the form
(2.9) E¨ + ξE˙ − ǫE = 0.
Note that ξ is a natural quantity to consider, as it is just the mean curvature of the dilaton volume
element e−udµg¯. Furthermore, for functions of the variable t, the operator f¨ + ξf˙ is just the
u-Laplacian in the theory of metric measure spaces.
Finally we recall that the scalar curvature of the metric g¯ is given by
(2.10) R¯ = −2 tr(L˙)− tr(L2)− (trL)2 + S.
Using the trace of (2.3) followed by (2.7) we obtain
R¯ = −S + (trL)2 − tr(L2)− 2u˙ trL− ǫn(2.11)
= −C − ǫu− u˙2 − ǫ
2
(n+ 1),(2.12)
which is just the cohomogeneity one case of Hamilton’s identity (cf [Ham] p. 84).
3. A Hamiltonian Formulation of the Cohomogeneity One GRS Equations.
In this section we will construct a Hamiltonian on an appropriate symplectic manifold such that
integral curves of the associated Hamiltonian vector field lying on the zero energy hypersurface
correspond to solutions of the cohomogeneity one gradient Ricci soliton equations modulo smooth-
ness considerations. The Einstein case was discussed in [DW1] and the present case is essentially
analogous.
Given a principal orbit G/K, we first fix an AdK -invariant decomposition
g = k⊕ p
of the Lie algebra g of G, so that p ≈ T[K](G/K). Recall that in §2 we have fixed a background
invariant metric Q on p. Now let C be the configuration space S2+(p)
K × R where S2+(p)K denotes
the space of all Ad(K)-invariant, positive-definite, symmetric endomorphisms of p with respect to
Q. Via the relation gt(X,Y ) = Q(qt(X), Y ), a path (qt, u(t)) ∈ C corresponds to a one-parameter
family of G-invariant metrics on G/K together with a soliton potential function.
The velocity phase space is TC = (S2+(p)
K × R) × (S2(p)K × R) and we will denote a typical
element in it by (q, u, q˙, u˙). In order to write down a suitable Lagrangian function, we introduce
the following non-degenerate symmetric bilinear form on End(p)× R:
(3.1) 〈(h1, η1), (h2, η2)〉 := 1
2
(tr(h1) tr(h2)− tr(h1h2)) + 2η1η2 − (tr(h1) η2 + tr(h2) η1) .
The induced symmetric bilinear form on End(p)∗×R∗ will be denoted by 〈·, ·〉∗. These forms are, up
to a minus sign, extensions of the symmetric bilinear forms on End(p) and End(p)∗ introduced in
[DW1] (see Eq. (1.15) there). As is easily checked, the extended forms also have Lorentz signature
(−, · · · ,−,+).
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Recall also that Gl(p) acts on the left of End(p) (by composition), and we can extend this
action to End(p)× R by making Gl(p) act trivially on R. In particular, for (p, φ) ∈ S2(p∗)K × R∗,
q ∈ S2+(p)K , and (h, η) ∈ S2(p)K × R, we have
(3.2) (q−1 · (p, φ))(h, η) = p(q · h) + φ(η).
We now introduce the Lagrangian
(3.3) L(q, u, q˙, u˙) = e−uv(q)
(
τ
(
1
2
〈q−1q˙, q−1q˙〉+ u˙2 − u˙ tr(q−1q˙) + S(q)
)
+ λ(u− n− 1) + E
)
where v(q) is the relative volume and S(q) the scalar curvature associated to the metric q on G/K.
The parameter E is a Lagrange multiplier associated to the constant energy condition that will
be presently introduced, and the parameters τ and λ will eventually be set equal to 1 and −ǫ
respectively.
Remark 3.4. The above Lagrangian can be derived from Perelman’s W-functional ([Pe])
W(g¯, u, τ) =
1
(4πτ)N/2
∫
M
(
τ
(
R¯+ |∇u|2)− ǫ(u−N)) e−udµg¯,
in which R¯ is the scalar curvature of g¯ and N = dimM . Strictly speaking, Perelman considered
only the ǫ = −1 case for compact M . The above modification was introduced for example in [Cho],
see p. 229.
In the situation where M is a cohomogeneity one manifold, we write its dimension N as n + 1
and substitute Eqn. (2.10) into the above integral. Recall that trL is the logarithmic derivative of
the relative volume v. Then, integrating by parts formally to get rid of second derivative terms,
one obtains (3.3). The usual constraint
1
(4πτ)N/2
∫
M
e−udµg¯ = const
is accounted for by the introduction of the multiplier E above. In order to treat the cases of steady
and expanding solitons simultaneously with the shrinking case, we have further introduced the
parameter λ = −ǫ and have suppressed the multiplicative factor vol(Q)/(4πτ)n+1 in W. (Note
that dµg¯ = v(q)vol(Q)dt.) An important advantage of using the alternative Lagrangian (3.3) as
a starting point in the Hamiltonian approach is that we can take M to be non-compact or even
incomplete.
The momentum phase space is the cotangent bundle T ∗C = (S2+(p)
K × R) × (S2(p∗)K × R∗)
equipped with the canonical symplectic structure. A typical element of T ∗C will be denoted by
(q, u, p, φ). The Legendre transformation is defined by the equations
p(h) = Lq˙(h) = e
−uv(q) τ
(〈q−1q˙, q−1h〉 − u˙ tr(q−1h)) ,(3.5)
φ(η) = Lu˙(η) = e
−uv(q) τ
(
2u˙η − tr(q−1q˙)η) .(3.6)
The associated Hamiltonian is then given by
H = p(q˙) + φ(u˙)− L.
More explicitly, H can be written as
(3.7) H =
eu
v(q)
τ
2
〈q−1 · (p, φ), q−1 · (p, φ)〉∗ + v(q)
eu
(−E + λ(n+ 1− u)− τS(q)) ,
where we have used the fact that the covector q−1 · (p, φ) is dual to e−uv(q)(q−1q˙, u˙) with respect to
the symmetric bilinear form (3.1). The above Hamiltonian should be compared to (1.9) in [DW1].
Equivalently, via the inverse Legendre transformation, we have
(3.8) H = v(q)e−u
(
τ
(
2〈L,L〉+ u˙2 − 2u˙ trL)− E + λ(n + 1− u)− τS(q)) .
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Since (3.1) specializes to 2〈L,L〉 = (trL)2 − tr(L2), the zero energy condition can be rewritten as
(3.9) tr(L2)− (−u˙+ trL)2 + S + λ
τ
u =
1
τ
(−E + λ(n+ 1)),
which is just the conservation law (2.7) if we set τ = 1 and λ = −ǫ. The constant C in (2.7) is
then given by −(E + ǫ2(n+ 3)).
Remark 3.10. In the case of a gradient Ricci soliton of cohomogeneity one, if we use Eq. (2.12)
together with the above relation between E and C in the W-functional, we obtain
W(g¯, u, 1) = 1
(4π)(n+1)/2
∫
M
(E + ǫ(n+ 2)− 2ǫu) e−udµg¯.
Let us choose the normalization (4π)−(n+1)/2
∫
M e
−udµg¯ = 1. For the steady case (i.e., ǫ = 0) one
can then interpret E as Perelman’s energy F(g¯, u). For the shrinking case (ǫ < 0), we obtain
W(g¯, u, 1) =
(
E +
ǫ
2
(n+ 2)
)
− 2ǫ
(4π)(n+1)/2
∫
M
ue−udµg¯
where the last integral is the classical entropy.
As in [DW1], the geometric significance of the zero energy condition is given by
Proposition 3.11. Assume that there is a singular orbit G/H with dimension strictly smaller
than that of the principal orbits. An integral curve of the Hamiltonian vector field that corresponds
(under the Legendre transformation ) to a C2 Riemannian metric g¯ = dt2 + gt and a potential
function u(t) defined in an open neighbourhood of the singular orbit must actually lie on the variety
{H = 0}.
Proof. We may assume that the singular orbit is placed at t = 0. The Hamiltonian is constant
along any integral curve. To evaluate the value of the constant, note that the smoothness conditions
imply that v(0) = 0, u˙(0) = 0, and u(0) is finite. By the proof of Lemma 1.10 in [DW1], as t tends
to 0, all terms on the right of (3.8) tend to 0 except possibly the term involving vu˙ trL. But u˙ trL
tends to a finite constant, so in fact the remaining term also tends to 0. 
Regarding the zero set ZH := {H = 0}, we have
Proposition 3.12. When λ 6= 0 the variety ZH is a smooth hypersurface in momentum phase space.
It is also smooth when λ = 0 and the principal orbit G/K is not a torus; otherwise the possible
singular points are of the form (q, u, p, φ) = (q, u, 0, 0) where q corresponds to a G-invariant flat
metric on G/K.
Proof. We need to examine the differential dH at points (q, u, p, φ) in ZH. The partial derivative
H(p,φ)(α, β) =
eu
v
τ 〈q−1 · (p, φ), q−1 · (α, β)〉∗.
Since 〈 , 〉 is non-degenerate, the above partial derivative vanishes (for all (α, β)) iff (p, φ) = (0, 0).
The vanishing of H now implies that E = −(τS+λ(u−n−1)). Using these two facts in the partial
derivative of H with respect to u we obtain
Hu(η) = −λ η ve−u,
which vanishes (for all η) only if λ = 0. This gives the first statement of the Proposition.
If λ = 0, using (p, φ) = (0, 0), we obtain
Hq(h) = e
−udvq(h)(−E + λ(n+ 1− u)− τS)− e−uv(τ(dS)q(h)).
Since the first term vanishes by the zero energy condition, the vanishing of Hq reduces to the
vanishing of (dS)q . As in the proof of Proposition 1.15 in [DW1], we conclude that q is a Ricci-flat
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G-invariant metric on the principal orbit. It is well-known that the principal orbit must then be a
torus. 
Since the solution curves of the Euler-Lagrange equation for L correspond to the integral curves
of the canonical equations for H, we proceed to determine explicitly the components of the Euler-
Lagrange equation and show that they yield (2.3) and (2.4) if one further assumes the zero energy
condition.
We begin with
L(q˙,u˙)(h, η) = τve
−u (2u˙η − 2(trL) η + 2〈L, q−1h〉 − u˙ tr(g−1h)) .
It follows that
d
dt
L(q˙,u˙)(h, η) = τve
−u [(−u˙+ trL)(2η (u˙− trL) + 2〈L, q−1h〉 − u˙ tr(q−1h))
+2η(u¨− tr(L˙)) + 2〈L˙, q−1h〉 − 2〈L, q−1q˙q−1h〉 − u¨ tr(q−1h) + u˙ tr(q−1q˙q−1h)
]
.
We also have
L(q,u)(h, η) = ve
−u
(
1
n− 1〈I, q
−1h〉 − η
) [
τ
(
2〈L,L〉+ u˙2 − 2u˙ trL+ S)+ λ(u− n− 1) + E]
+ve−u
[
λη + τ
(
2〈q−1h, rq〉 − tr(q−1h)S + 2u˙ tr(q−1hL)− 4〈L, q−1hL〉
)]
,
where we have used Lemma 1.12 in [DW1] and rq denotes the Ricci endomorphism of the metric q.
Now the Euler-Lagrange equation
d
dt
L(q˙,u˙)(h, η) = L(q,u)(h, η)
must hold for all h ∈ S2(p)K and all η ∈ R. Setting h = 0 and simplifying, we obtain the equation
(3.13) 2u¨− 2tr(L˙)− (−u˙+ trL)2 − tr(L2) + S + λ
τ
u =
−E + λ(n+ 2)
τ
.
If we then apply the zero energy condition (3.9), we obtain
(3.14) u¨− tr(L˙)− tr(L2) = λ
2τ
,
which becomes Eq. (2.4) if we set τ = 1 and λ = −ǫ.
If instead we set η = 0 in the Euler-Lagrange equation, then after some amount of simplification
we obtain the equation
(3.15) L˙+ (trL)L− u˙ L− r =
(
2〈L,L〉 + 2u¨− u˙2 − S + λ(u− n− 1) + E
τ
)
I
2(n − 1) .
Taking the trace of (3.15) yields
tr(L˙) + (trL)2 − u˙ (trL)− S = n
2(n − 1)
(
(trL)2 − tr(L2) + 2u¨− u˙2 − S + λ(u− n− 1) + E
τ
)
.
If we substitute (3.14) and the zero energy condition (3.9) into this equation, then after some
simplication we deduce
2u¨− u˙2 − S + (trL)2 − tr(L2) + λ
τ
u =
−E + 2λ
τ
.
Substituting this equation into (3.15) gives
(3.16) L˙+ (trL)L− u˙L− r = −
(
λ
2τ
)
I,
which becomes Eq. (2.3) if we set τ = 1 and λ = −ǫ. We have therefore deduced
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Theorem 3.17. Given a principal orbit G/K where G is a compact Lie group and K a closed
subgroup, consider on the symplectic manifold (S2+(p)
K ×R)× (S2(p∗)K ×R∗) the Hamiltonian H
given by (3.7) with τ = 1 and λ = −ǫ. The integral curves of H lying in in the variety {H = 0}
correspond (under the inverse Legendre transformation) to solutions of the non-mixed parts of the
cohomogeneity one gradient Ricci soliton equations (2.3) and (2.4). ✷
Recall that by Proposition 3.19 in [DW5], as long as there is a singular orbit of dimension strictly
less than that of the principal orbit and we can further establish C3 regularity of the metric g¯ = dt2+
gt and potential u, then the mixed parts of the cohomogeneity one GRS equation automatically hold.
In this sense the cohomogeneity one GRS equation can be viewed as a constrained Hamiltonian
system.
In the remainder of this section we will derive a more explicit form of the Hamiltonian H in the
special case where the isotropy representation of G/K splits into pairwise inequivalent irreducible
R-subrepresentations.
To this end let us write
(3.18) p = p1 ⊕ · · · ⊕ pr
for the decomposition of p into Ad(K)-irreducible Q-orthogonal summands and let di = dimR pi,
so that n =
∑
i di. We will abuse notation and denote the metric endomorphism q ∈ S2+(p)K by the
diagonal operator diag(eq1Id1 , · · · , eqrIdr) where Idi is the identity operator in End(pi). In other
words, via these new coordinates, we have a diffeomorphism S2+(p)
K ≈ Rr which in turn induces
a canonical transformation of T ∗C, leaving the remaining variables u, φ unchanged. By abuse of
notation we shall let pi denote the new conjugate momenta. It will be useful to let q, p, d denote
the vectors in Rr whose coordinates are respectively qi, pi, di.
Then, as in the Einstein case, we have v = exp(12d · q),
trL =
1
2
d · q˙, tr(L2) = 1
4
∑
i
di q˙
2
i ,
and
S =
∑
w∈W
Aw e
w·q
for a finite subset W ⊂ Rr of weight vectors and nonzero real constants Aw which depend only on
G/K. (See §1 in [DW6] for further information about W and Aw.)
With the above change of coordinates, the Lagrangian (3.3) becomes
L = e−u+
1
2
d·q
(
1
4
(d · q˙)2 − 1
4
∑
i
diq˙
2
i + u˙
2 − u˙ (d · q˙) +
∑
w∈W
Awe
w·q + E
)
.
The Legendre transformation is now given by
pj = Lq˙j = e
−u+ 1
2
d·q
(
1
2
(d · q˙) dj − 1
2
dj q˙j − u˙ dj
)
and
φ = Lu˙ = e
−u+ 1
2
d·q(2u˙− d · q˙).
Using the above equations, we easily deduce that
1
2
d · q˙ = −

∑
j
pj +
n
2
φ

 eu− 12d·q,
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u˙ = −

∑
j
pj +
n− 1
2
φ

 eu− 12d·q,
1
4
∑
i
diq˙
2
i =
(∑
i
p2i
di
+ φ
∑
i
pi +
n
4
φ2
)
e2u−d·q.
Substituting the above relations in H = p(q˙) + φ(u˙)− L we obtain an explicit formula for H in
the multiplicity free case:
Proposition 3.19. Let G/K be a principal orbit whose isotropy representation splits into pairwise
inequivalent irreducible summands. In terms of the exponential coordinates introduced above, the
Hamiltonian (3.7) takes the form
H = −e
u− 1
2
d·q
τ
(∑
i
p2i
di
+ φ
∑
i
pi +
(n− 1)
4
φ2
)
+e−u+
1
2
d·q
(
−E + λ(n+ 1− u)− τ
∑
w∈W
Awe
w·q
)
.
Remark 3.20. The above proposition is the analogue of Proposition 2.5 in [DW1]. The quadratic
form
J(p, φ) := −
∑
i
p2i
di
− φ
∑
i
pi − (n − 1)
4
φ2
assumes a different form from its analogue in [DW1], but it is still of Lorentz signature (1, r).
It is negative definite on the hyperplane φ = 0, but is positive on the vector (d,−2) (in fact
J(d,−2) = 1.)
The associated bilinear form is
(3.21) −
(
r∑
i=1
pip
′
i
di
+
φ
2
r∑
i=1
p′i +
φ′
2
r∑
i=1
pi +
n− 1
4
φφ′
)
.
It is sometimes convenient to rewrite the Hamiltonian using the extended vectors
d := (d,−2) = (d1, . . . , dr,−2),
q := (q, u) = (q1, . . . , qr, u),
p := (p, φ) = (p1, . . . , pr, φ).
Similarly the weight vectors w can be extended to w = (w, 0), and we will continue to use W to
denote the set of extended vectors in Rr+1. The Hamiltonian now becomes
H =
e−
1
2
d·q
τ
J(p) + e
1
2
d·q
(
−E + λ(n+ 1− u)− τ
∑
w∈W
Awe
w·q
)
where, as above,
J(p) = −
(∑
i
p2i
di
+ φ
∑
i
pi +
(n− 1)
4
φ2
)
.
In the steady case (λ = 0), if we also set τ = 1, we get
(3.22) H = e−
1
2
d·qJ(p)− e 12d·q
(
E +
∑
w∈W
Awe
w·q
)
.
It is also often useful to enlarge the set W to W˜ =W ∪{0}, so that the final bracket in Eq. (3.22)
is viewed as a sum of exponentials over W˜ , with E playing the role of A0.
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4. Conserved quantities
As in the Einstein case we can look for quantities F which are generalised first integrals, in the
sense that
(4.1) {F,H} = ΦH
so that for the soliton equations, that is, the Hamiltonian flow in the variety H = 0, the quantity
F is conserved. Functions in the ideal generated by H will be referred to as trivial generalised first
integrals.
We look for solutions to (4.1) of the form
F =
∑
b
Fb e
b·q : Φ =
∑
b
Φb e
b·q
where Fb and Φb are polynomials in p. In view of this we shall in this section denote by ∇p the
gradient operator in the momentum variables whenever the possibility of confusion may occur. In
cases where the operator is applied to functions such as J, F and Φ which depend solely on p we
shall suppress this subscript.
Substituting these into (4.1), and setting ψ := Φ − 12 d · ∇pF we obtain, upon using (3.22), the
recursion relation
(4.2) (b · ∇J)Fb − ψbJ = −E(ψb−d + d · ∇Fb−d)−
∑
w
Aw(ψb−d−w + (d+w) · ∇Fb−d−w).
We adopt a similar strategy as in [DW1] to look for nontrivial generalised first integrals, starting
with a seed level c where there is a factorisation
J = (c · ∇J)θ
so we may obtain a nontrivial solution to the recursion (i.e. one where we do not have Fc = JG
and ψc = (c.∇J)G) at this level by setting
Fc = θψc.
Let us consider the Bryant soliton where the hypersurface is just the sphere Sn, viewed as the
isotropy irreducible space SO(n+1)/SO(n). (In the literature, using this particularly simple form
of the sphere in the cohomogeneity one ansatz is referred to as the rotationally symmetric case.)
We write the soliton metric as
g¯ = dt2 + h(t)2g1
where g1 is the constant curvature one metric on S
n. The scalar curvature function for the sphere
is n(n− 1)e−q1 , where we set h(t)2 = eq1 . Writing q for q1, we have:
d = (n,−2), q = (q, u), p = (p, φ),
W˜ = {(0, 0), (−1, 0)}
(for n > 1), and
J = −
(
p2
n
+ pφ+
n− 1
4
φ2
)
.
If n = 1 the hypersurface reduces to a circle and so W˜ = {(0, 0)}, i.e., W is empty.
We may factorise J as above where
c =
(
− 1
2
(n +
√
n), 1
)
and θ = −
(
p√
n
+
√
n− 1
2
φ
)
.
So we have a factorisation of J over the rationals if and only if n is a perfect square. This is exactly
the condition singled out by Painleve´ analysis of the Bryant system in [BdP].
We begin with a simple example.
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Example 4.3. The Bryant system with n = 1 takes a particularly simple form, as we only have
the zero vector in W˜ .
Now J = −p(p+φ), and we obtain a factorisation with c = (−1, 1) or (0, 1). Choosing the latter
we have θ = p+ φ. We can now start the recursion with Fc = θ, ψc = 1. Since
ψc + d.∇Fc = 1 + (1,−2) · (1, 1) = 0
we have a full solution to the recursion with all other terms zero. The conserved quantity is
F = (p+ φ)eu.
In the variables of the discussion of the Bryant system in [Cho] (chapter 1, §4.1) this is just x+ y.
In [DW1] (see §5), in certain situations with two weight vectors v and w we obtained some
nontrivial conserved quantities as follows. We were able to write Fc in two different ways
Fc = JΓv + τ θ
s′ = JΓw + ρ θ
s
where
(v + d) · ∇τ = (w + d) · ∇ρ = 0,
(v + d) · ∇θ = − 1
s′
, (w + d) · ∇θ = −1
s
,
and Γv,Γw are constant. One now has a solution to the recursion with
Fc+z+d = −Az Γz, ψc+z+d = 0, with z = v,w
and all other Fa, ψa zero.
In our situation, we have v = 0. Taking θ = −
(
p√
n
+
√
n−1
2 φ
)
, as above, we have
d · ∇θ = −1, (d+w) · ∇θ = −1 + 1√
n
We see that the latter term is minus the reciprocal of an integer if and only if n = 4, when it is −12 .
Example 4.4. In the n = 4 case we have
d = (4,−2) : c = (−3, 1), : θ = −1
2
(p+ φ)
We may take τ = (p + 2φ), so that d · ∇τ = 0. We now have
−θ2 = −J + τθ = −1
4
(p+ φ)2
so the above conditions are satisfied with ρ = −1,Γ0 = −1,Γw = 0 and s = 2, s′ = 1.
We obtain a nontrivial solution to the recursion relations:
ψc =
1
2
(p+ φ), Fc = θψc = −1
4
(p + φ)2,
ψc+d+w = 0, Fc+d+w = 0,
ψc+d = 0, Fc+d = E.
The conserved quantity is now
(4.5) F = −1
4
(p+ φ)2e−3q+u + Eeq−u.
We will show in §6 that this generalized first integral allows us to write down the Bryant soliton
in dimension 5 explicitly.
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Remark 4.6. It is interesting to observe that in the n = 4 case one may also find a conserved
quantity by the method of Darboux polynomials (see [PrS] and [Go]). It is convenient to use the
variables of [Cho] (chapter 1, §4.1), x = h˙, y = nh˙ − hu˙. Using as our independent variable T
defined by hdT = dt, [Cho] derives the equations
x′ = x2 − xy + n− 1
y′ = x(y − nx).
Given a planar system
x′ = P (x, y), y′ = Q(x, y)
representing the flow associated to the vector field X = P∂x + Q∂y, we call a polynomial J a
Darboux polynomial if X(J) = gJ for some polynomial J . Sufficiently many Darboux polynomials
may be used to construct conserved quantities.
For our system we always have a Darboux polynomial J1 = nx
2 − y2 + n(n − 1), for which
X(J1) = 2xJ1. This is associated to the soliton conservation law, which in these variables is
nx2 − y2 + n(n− 1) = Ch2.
If n = 4 there is a second Darboux polynomial, J2 = 2x
2−xy+3, which satisfies X(J2) = (4x−y)J2.
This means that R =
√
J1
J2
satisfies
X(R) = (−3x+ y)R = −div(X)R.
So R is an integrating factor in the sense that (RQ)y + (RP )x = 0. There is now an I such that
Ix = RQ and Iy = −RP , and I is a conserved quantity.
5. Superpotentials
A superpotential for a Hamiltonian is a time-independent solution to the Hamilton-Jacobi equa-
tions, i.e., a function q 7→ f(q) on configuration space that solves the equation
(5.1) H(q, df(q)) = 0.
As we shall describe in the next section, superpotentials are important because they define sub-
systems of the full Hamiltonian system, which are often more tractable than the full system. In
[DW2], [DW6], and [DW7] we analysed the existence of superpotentials in the Einstein case.
In the steady soliton case the above equation becomes:
J(∇f,∇f) = ed·q
(
E +
∑
w∈W
Awe
w·q
)
where ∇f denotes the Euclidean gradient with respect to the variables q. We look for superpoten-
tials of the form
(5.2) f =
∑
fc e
c·q
in which fc are constant and the sum ranges over a finite set C of points c in Rr+1. This leads to
(5.3)
∑
a+c=b
J(a, c) fa fc =


Aw if b = d+w for some w ∈ W
E if b = d
0 otherwise.
The following lemma is often useful.
Lemma 5.4. Let v,w be vectors in Rr+1 with vr+1 = wr+1 = 0. Then
(5.5) J(v + d,w + d) = 1−
r∑
i=1
viwi
di
.
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Proof. By (3.21),
J(d+ v,d+w) = −
(
r∑
i=1
(di + vi)(di + wi)
di
−
r∑
i=1
(di + vi)−
r∑
i=1
(di + wi) +
(
n− 1
4
)
(−2)2
)
= −
(
r∑
i=1
(
viwi
di
− di
)
+ n− 1
)
= 1−
r∑
i=1
viwi
di
.

We can deduce from (5.3) the following result, whose proof is essentially the same to that in the
Einstein case (see Propositions 2.2-2.6 of [DW2]). We use conv(S) to denote the convex hull of a
set S. As mentioned earlier, we will identify W˜ with a set in Rr+1 by associating to each weight
vector w the extended vector w = (w, 0) in Rr+1.
Lemma 5.6. (i) The convex hull of C contains the convex hull of 12(d+ W˜).
(ii) If a, c ∈ C and a + c cannot be written as the sum of two elements of C distinct from a, c,
then either J(a, c) = 0 or a+ c ∈ d+ W˜. In particular, if c is a vertex of conv(C), then either c
is J-null or 2c = d+w for some w ∈ W˜ and J(c, c) f2c = Aw.
If we further assume that no vertex of conv(C) is J-null, then we also have:
(iii) The convex hull of C equals the convex hull of 12 (d+ W˜). In particular every element of C is
of the form c = 12(d+ x) for x ∈ Rr+1 with −1 ≤
∑
xi ≤ 0. Moreover,
∑
xi = −1 if and only if x
is a convex linear combination of nonzero elements of W˜ ( i.e. of elements of W ). Also ∑xi = 0
if and only if x = 0, that is, c = 12d.
(iv) If w is a vertex of conv(W˜) then w + d = 2c for some vertex c of conv(C). Moreover
J(d+w,d+w) has the same sign as Aw.

If we make the non-null vertex assumption in the second half of the above Lemma, we can deduce
a non-existence result for superpotentials, using similar arguments to the result in the Einstein case
for nonzero cosmological constant (cf Theorem 10.1 of [DW2]).
Proposition 5.7. If no vertex of conv(C) is J-null, then there are no superpotentials of the form
(5.2).
Proof. Let w be a vertex of conv(W), so the line segment 0w is an edge of conv(W˜). The preceding
lemma 5.6 shows that c0 =
1
2d and c1 =
1
2(d +w) are vertices of conv(C) and c0c1 is an edge of
conv(C).
Lemma 5.4 shows that J(c0, c0) =
1
4J(d,d) =
1
4 , and also J(c0, c1) =
1
4J(d,d + w) =
1
4 . As
J(c0, .) is an affine function on the edge c0c1 it is therefore constant.
By considering the element of C on c0c1 which is distinct from c0 and closest to c0, and applying
part (ii) of Lemma 5.6, we obtain a contradiction. 
Remark 5.8. It is interesting to note that in the Ricci-flat case there are several superpotentials
satisfying the non-null assumption (see the discussion in [DW2], especially Theorem 6.1). So the
above result is another manifestation of the greater rigidity of the soliton equations compared to
the Ricci-flat Einstein equations.
A HAMILTONIAN APPROACH TO THE COHOMOGENEITY ONE RICCI SOLITON EQUATIONS 13
On the other hand, if we relax the non-null assumption, we can find some examples of superpo-
tentials in the steady case.
Example 5.9. We first consider the situation of the Bryant soliton for which W˜ = {(0, 0), (−1, 0)}
if n > 1.
We observe using Lemma 5.4 that the only null vectors with zero second component are ±(√n, 0).
In particular if n = 4 then we can take C to consist of the vectors 12d and 12(d + (−2, 0)), where
d = (4,−2). The first gives us d + (0, 0) in the expansion of J(∇f,∇f), the cross term gives
d+(−1, 0), and the last vector is null so does not contribute. We therefore obtain a superpotential
(5.10) f = 2
√
E e2q1−u +
12√
E
eq1−u
for positive E.
When n = 1, we can obtain a superpotential in another way because the extended vectors
d + (±1, 0) are both J-null. We let C consist of the vectors c1 = (1,−1) and c2 = (0,−1). Note
that the scalar curvature function is 0, so the parts of the superpotential equation involving ci+ ci
automatically hold. The single cross term leads to the condition f1f2 = E. So if E 6= 0 we get the
superpotential
a eq1−u +
E
a
e−u, a 6= 0
while if E = 0 we get for a 6= 0 we get the possibilities
f = a eq1−u, and f = a e−u.
These will be referred to as the limiting cases of the previous superpotential.
Example 5.11. Next we consider the case of a warped product on two factors, so that the metric
is
g¯ = dt2 + h1(t)
2g1 + h2(t)
2g2
where (Mi, gi) is Einstein of dimension di with positive Einstein constant normalised to be di(di−1).
Now r = 2 and W˜ = {(0, 0, 0), (−1, 0, 0), (0,−1, 0)}. We pick C to consist of vectors
c1 =
1
2
(d+ (−1,−1, 0)),
c2 =
1
2
(d+ (−1, 1, 0)),
c3 =
1
2
(d+ (1,−1, 0)).
Now the cross terms give us the elements of W˜, and J(ci, cj) is positive for i 6= j. If E is positive,
we may therefore obtain a superpotential provided that c1, c2, c3 are null, which translates into the
condition 1d1 +
1
d2
= 1. Therefore, if (d1, d2) = (2, 2), we obtain a superpotential given by
F =
√
E e
1
2
q1+
3
2
q2−u +
√
E e
3
2
q1+
1
2
q2−u +
4√
E
e
1
2
q1+
1
2
q2−u.
Remark 5.12. In the n = 4 case of Example 5.9, and in Example 5.11 the superpotential condition
forces E to be positive. Recalling from the discussion preceding Proposition 3.11 that in the steady
case E is just equal to minus the constant C, it is interesting to observe that the condition E > 0
is also a consequence of assuming completeness of the metric (cf. [BDGW]).
Example 5.13. This example involves the Be´rard-Bergery-Calabi ansatz, that is, we take the
hypersurface to be a circle bundle over a product of r ≥ 1 Fano Ka¨hler-Einstein manifolds of real
dimension di = 2mi. Thus d = (1, 2m2, · · · , 2mr,−2).
Now W˜ consists of
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(i) type III vectors with 1 in the first place and −2 in the ith place for 2 ≤ i ≤ r,
(ii) type I vectors with −1 in ith place (2 ≤ i ≤ r), and
(iii) the zero vector.
For C, we take
c1 =
1
2
(d+ (−1, 0, · · · , 0)),
c2, . . . , cr to be
1
2(d+w) where w ranges over the the type III vectors, and
cr+1 =
1
2
(d+ (1, 0, · · · , 0)).
As d1 = 1, we see that c1 and cr+1 are null, while ci : (2 ≤ i ≤ r) are mutually orthogonal, and
also orthogonal to cr+1. The cross terms c1 + ci for 2 ≤ i ≤ r give the type I vectors in d + W˜,
while 2ci give the type III vectors and c1 + cr+1 gives the zero vector.
We let Ai for i = 2, . . . , r denote the constants Aw for the type III vectors, and Ar+i−1 denote
the constants for the corresponding type I vectors. We must take fi =
√−Aidi for 2 ≤ i ≤ r
(possible since A < 0 for type III vectors). We see finally that we obtain a superpotential provided
Ar+i−1/
√−Aidi is the same for each 2 ≤ i ≤ r.
If we normalize the Ka¨hler-Einstein metric on Mi so that its Ka¨hler class equals 2παi where αi is
the indivisible integral cohomology class so that the first Chern class ofMi is κiαi with κi > 0, then
Ar+i−1 = diκi. Also, suppose that the Euler class of the circle bundle is b2α2 + · · · + brαr. Then
it follows that Ai = −14dib2i for 2 ≤ i ≤ r. The conditions guaranteeing a superpotential in the
previous paragraph translate into requiring κi/|bi| to be independent of i. Note that this is precisely
the condition under which an explicit, complete, steady Ka¨hler Ricci soliton was constructed in
[DW5] (see Theorem 4.20(i) in that reference).
Note furthermore that unlike the previous examples, there is no constraint on the sign of E here.
6. Explicit Non-Ka¨hler Steady Solitons
One reason for the importance of superpotentials is that they give rise to a Lagrangian section
of the cotangent bundle of configuration space that is invariant under the Hamiltonian flow. Using
this section to pull back the Hamiltonian vector field to configuration space, one obtains a first order
subsystem of the canonical equations (see §1 of [DW2] for details). For the Hamiltonian system
associated to the cohomogeneity one gradient Ricci soliton equation, the first order subsystem is
given by
(6.1) q˙ = 2v−1J∇f
where v is the extended relative volume e
1
2
d·q = ve−u and f is the superpotential.
In the following we shall consider the first order subsystems for Examples 5.9 and 5.11, and
show that they lead to explicit solutions of the soliton equation. Explicit solutions arising from the
superpotentials in Example 5.13 were discussed in §4 of [DW5].
For Example 5.9 with n = 4 we have
J = −
(
1
4
1
2
1
2
3
4
)
,
so Eq. (6.1) and the superpotential constructed in that example yield the system
q˙1 =
6√
E
e−q1
u˙ = −
√
E +
6√
E
e−q1 .
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Since h(t)2 = eq1 , we have ddt h
2 = 6√
E
, and so
h(t) =
√
6
E1/4
√
t+ t0
u(t) = −
√
E t+ log(t+ t0) + const
where t0 is a constant.
Notice that there is no smooth soliton among this one-parameter family of solutions. Assuming
that we place the singular orbit at t = 0, the smoothness conditions require h(0) = 0, so that
t0 = 0. But we also need h˙(0) = 1, which is never satisfied. However, the solitons are complete at
infinity.
Remark 6.2. The above family of explicit singular solitons was first constructed in [ACG] (see
Proposition 2.2 and Remark 2.6). They belong to a family of such solitons which occur in all dimen-
sions ≥ 3. For general dimensions the solitons were constructed by dynamical systems methods.
The existence of a superpotential help to explain why dimension 5 is special.
In the n = 1 case of Example 5.9 one easily checks that the first superpotential gives rise to the
first order system
q˙1 = −ae
1
2
q1 +
(
E
a
)
e−
1
2
q1
u˙ = −ae 12 q1 .
Note that the first equation above can be expressed in terms of h as
(6.3) h˙ =
a
2
(
E
a2
− h2
)
,
which is precisely of the form of Eq. (1.42) in Chapter I of [Cho]. The point is that this equa-
tion follows immediately from the existence of a superpotential and is not the consequence of ad
hoc derivations. We will skip the detailed analysis of the associated first order system since 2-
dimensional gradient Ricci solitons, singular or otherwise, have been classified in detail in [BeMe].
However, we do want to point out the solutions of the first order system yield all the families of
steady solitons given in [BeMe]. In other words, all 2-dimensional steady gradient Ricci solitons,
singular or not, have an associated conserved quantity that is linear in momentum.
We also note that the h identically constant case (necessarily with E > 0) gives the cylinder, and
the 1-parameter family of cigar solitons (necessarily with E > 0) can be characterised as members
of a 2-parameter family of generically singular solitons which also satisfy the smoothness condition
E = 2a.
The two limiting cases of the superpotential give rise respectively to singular solitons which are
the limits (as E/a tends to 0) of the family of “exploding solitons”, and a family of flat cone
solutions, which include Euclidean space as a special case.
In Example 5.11, we found a superpotential when d1 = d2 = 2. The matrix for J is therefore
J = −

 12 0 120 12 12
1
2
1
2
3
4

 .
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Hence with h21 = e
q1 and h22 = e
q2 , the associated first order subsystem is
q˙1 =
√
E
2
e−
1
2
q1+
1
2
q2 −
√
E
2
e
1
2
q1− 12 q2 +
2√
E
e−
1
2
q1− 12 q2(6.4)
q˙2 = −
√
E
2
e−
1
2
q1+
1
2
q2 +
√
E
2
e
1
2
q1− 12 q2 +
2√
E
e−
1
2
q1− 12 q2(6.5)
u˙ = −
√
E
2
e−
1
2
q1+
1
2
q2 −
√
E
2
e
1
2
q1− 12 q2 +
2√
E
e−
1
2
q1− 12 q2 .(6.6)
The first two equations imply that
trL = 2
(
h˙1
h1
+
h˙2
h2
)
=
4√
E
1
h1h2
.
So h1h2 =
2√
E
(t+t0) for some constant t0. Using this relation in Eq. (6.4), after some simplification,
we obtain
d
dt
(h21) = (t+ t0)−
E
4(t+ t0)
h41 +
h21
t+ t0
.
Let us set β :=
h2
1
t+t0
. Then β satisfies
(6.7) 4β˙ = 4− Eβ2,
which again is analogous to Eq. (6.3).
A special solution of this equation is β = ± 2√
E
, which gives
h1(t)
2 = ± 2√
E
(t+ t0).
Note that the corresponding metrics cannot be smooth.
If we take
√
Eβ < 2, we obtain
β =
(
2√
E
)
e
√
E(t+t1) − 1
e
√
E(t+t1) + 1
,
where t1 is a constant. This in turn yields
h1(t)
2 =
(
2√
E
)
(t+ t0)
e
√
E(t+t1) − 1
e
√
E(t+t1) + 1
,
h2(t)
2 =
(
2√
E
)
(t+ t0)
e
√
E(t+t1) + 1
e
√
E(t+t1) − 1
,
and
u˙ = −
√
E +
1
t+ t0
− 2
√
E
e2
√
E(t+t1) − 1
.
Let us now look for complete smooth solutions within this 3-parameter family of solutions. We
need to have h1(0) = 0, h˙1(0) = 1, u˙(0) = 0 and h2(0) > 0, h˙2(0) = 0. Hence t0 = t1 = 0, and one
easily checks that these choices imply that all smoothness conditions at t = 0 (the position of the
zero section) hold. We therefore obtain the following 1-parameter family of explicit solutions
h1(t) =
√
2t
E1/4
(
tanh
(
t
√
E
2
))1/2
, h2(t) =
√
2t
E1/4
(
coth
(
t
√
E
2
))1/2
,
A HAMILTONIAN APPROACH TO THE COHOMOGENEITY ONE RICCI SOLITON EQUATIONS 17
u(t) = log
(
t sinh(
√
E)
sinh(
√
Et)
)
+ const.
It follows that the mean curvature of the hypersurfaces is trL = 2t and the scalar curvature of
the soliton metric is
R¯ =
2
√
E
t
− 1
t2
− 4
√
E
e2
√
Et − 1
(√
E − 1
t
)
− 4E
(e2
√
Et − 1)2
.
Similarly, we can analyse solutions for which 2 <
√
Eβ holds. Now we have
h1(t) =
√
2
E1/4
√
t+ t0
(
coth(
√
E
2
(t+ t1))
)1/2
and we obtain smooth complete solutions in which the h1, h2 in the case treated above are swapped.
Finally, we will use the generalized first integral (4.5) we found for the Bryant soliton system
(Example 4.4) in dimension 5 to obtain an explicit expression for the Bryant soliton in that dimen-
sion.
Using the Legendre transformation formulae of §3, we can rewrite (4.5) as
(6.8) F = e−uh2

E −
(
2h˙
h
− u˙
)2 .
We note first that the conservation law F = µ can be rewritten in terms of a new variable β :=
− log( euh2 ) as
(β˙)2 = E − µe−β
which can be integrated explicitly. The Hamiltonian constraint becomes
−(β˙)2 − 4 β˙h˙
h
+ E +
12
h2
= 0.
Setting α = h2 we have the linear equation in α:
2β˙α˙− µe−βα = 12
so the system has been integrated by quadratures. We recover the soliton potential via
u = −β + log α.
In order to obtain the Bryant soliton, we assume µ < 0 and choose
β˙ =
√
E − µe−β.
Upon integration we get
β = − log
(
E
−µ
(
coth2(
√
E
2
(t+ t0))− 1
))
where t0 is a constant. Substituting this into the first order equation for α results in
α = h(t)2 =
6√
E
(
(t+ t0 + t1) coth(
√
E
2
(t+ t0))− 2√
E
)
for some integration constant t1.
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The smoothness conditions h(0) = 0 and h˙(0) = 1 are then easily seen to be satisfied if we choose
t0 = t1 = 0. The soliton potential is given (up to an additive constant) by
u = log
((
coth2(
√
E
2
t)− 1
)(
t coth(
√
E
2
t)− 2√
E
))
.
Remark 6.9. (a) If we instead choose t0 = 0 and t1 > 0 in the above, we obtain a 1-parameter
family of solutions which are complete at ∞ but which blow up like 1t at the origin.
(b) If we choose µ to be 0 in the conservation law above, we recover the steady solitons with a
conical singularity at t = 0 associated with the superpotential (5.10).
(c) We can also take µ to be positive. In this case we obtain a 1-parameter family of solutions
which are complete at ∞ such that h(0) = 0 and h˙(0) = +∞. In fact
h(t)2 = α =
6√
E
(
(t+ t0) tanh(
√
E
2
(t+ t0))− 2√
E
)
where t0(E) > 0 is the unique positive solution of
√
E
2 t0 tanh(
√
E
2 t0) = 1.
(d) We certainly expect that singular solitons with the properties of (a) and (c) above exist in
all dimensions. As mentioned before (see Remark 6.2) ones with properties in (b) were found in
[ACG].
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